Backhoe excavators are construction machines can be use for hazardous and even poisonous environmental conditions, worst working conditions, severe weather, and dirty areas where it is very difficult to operate machine by human operator. The excavation task can be performing successfully and effectively for above mentioned working conditions by semiautonomous or fully computer controlled of excavation machines. For this it is important to understand the kinematics of this machine. For autonomous excavation operation of a backhoe, it is desirable to place the bucket to a specified location. The bucket configuration can be determined by the direct kinematic equations for given lengths of the piston rods in the actuators or the joint angles. This paper emphasize on the explicit expressions for the direct (forward) kinematics of backhoe excavator. It covers systematic procedure to assign Cartesian coordinate frames for the links (joints) of an excavator. The developed forward kinematic model is intended for development of an automated excavation control system for light duty construction work and can be applied for heavy duty or all types of backhoe excavators.
INTRODUCTION
Rapidly growing rate of industry of earth moving machines is assured through the high performance construction machineries with complex mechanism and automation of construction activity. Backhoe excavators are widely used for most arduous earth moving boom, arm, and bucket, and one vertical revolute joint known as the swing joint (Howard, 1999) .
Autonomous excavation is the best solution to carry out excavation task in hazardous and poisonous environment conditions, worst working conditions, severe weather, and dirty areas where it is very difficult to operate machine by human operator. Some times at construction site, the excavation machines are not utilized in effective way as their capacities if they are operated manually or semiskilled operator. The semiautonomous or automatic computer control is essential to improve the productivity and the effective use of expensive construction machines. Moreover, automatically operated machines can often perform a task faster and with better precision than manually operated machines (Koivo, 1994) . To automate the excavation task, it is necessary to understand the kinematics of this machine. Kinematics of backhoe link mechanism is one of the steps in the direction to automate the excavation operation. The presented basics of kinematics and kinematic model can be applied to other loader and hydraulic backhoe excavators which are used to excavate the surface materials of terrain. Kinematics is the science of motion which treats motion without regard to the forces that cause it. Within the science of kinematics one studies the position, velocity, acceleration, and all higher order derivatives of the position variables (with respect to time or any other variables) (John, 1989) .
A backhoe excavator is designed to perform a task in the 3-D space. The bucket of the backhoe is required to follow a planned trajectory to carry out the digging task in the workspace. This requires control of position of each link (swing link, boom, arm, and the bucket) and joints of the backhoe to control both the position and orientation of the bucket. To program the bucket motion and the joint link motions, a mathematical model of the backhoe is required to refer all geometrical and/or time based properties of the motion. In other words kinematic model purely encodes the geometric relationship of the mechanism under study. Moreover; the kinematic model gives relation between the position and orientation of the bucket and spatial positions of joint-links. A problem of describing the direct kinematic model for an autonomous operation of the backhoe excavator is presented here. Vaha and Skibniewski (1993) firstly developed kinematics of the excavator by appropriate frame assignments. Vaha developed this kinematic model only as a prerequisite for the dynamic model. He developed the kinematic model for a hydraulic excavator in the general form only, thus giving up to the general transformation matrix relating two consecutive frames (relating frame {i -1} to the frame {i}). His kinematic model was not thorough, and thus not giving a clear insight in terms of the forward kinematics, inverse kinematics, and velocity equations. Koivo (1994) on the other hand developed a complete kinematic model for a hydraulic excavator, considering the three degrees of freedom excavator mechanism or RRR configuration. He actually developed a kinematic model for three degrees of freedom excavator by neglecting the swing motion (in excavator swing motion is applied by electric motor or actuator not by hydraulic actuator). He also incorporated the shortcomings of Vaha's kinematic model as he proposed the forward kinematic model incorporating equations relating joint shaft angles to the bucket pose (or bucket configuration), and equations relating lengths of hydraulic actuators to joint shaft angles. Thus firstly determining the bucket position and orientation in terms of joint shaft angles, and then giving the relationship between the joint shaft angles and the lengths of the piston rods in hydraulic actuators for boom, arm, and bucket cylinders. He also proposed a complete inverse kinematic model by giving firstly the joint shaft angles in terms of bucket pose, and then joint shaft angles in terms of the lengths of the hydraulic actuators. He also proposed a direct excavator Jacobian matrix to calculate the bucket velocity provided that the joint shaft velocities are known and also proposed velocity equations of actuator pistons in terms of the speeds of the joint shafts. But his model can said to be incomplete in some context as: he did not carry out the velocities of each link (swing link, boom, arm, and bucket), he did not present the full Jacobian matrix of the size 6  4 and instead presented of the size 4  4 by neglecting the last two rows of the matrix, as it was the fact that only one angular velocity of the bucket can be controlled and that is in the Z direction or in the direction of the bucket joint axis. He also did not carry out the inverse Jacobian on the excavator mechanism which is necessary when the desired bucket velocity is to be achieved by controlling the joint velocities. Zygmunt (2003) developed few kinematic relationships in terms of the transformation matrices between the frames. He only determined those kinematic equations that can be helpful for him to develop a mathematical dynamic model for an excavator. Apart from this, the transformation matrices established by him were only giving the rotational transformation, as it was the only need for his study. Thus he also did not establish any systematic kinematic relationships required encoding the geometrical relationships of the excavator, and his kinematic model remained incomplete. Shaban et al. (2007) developed a kinematic model for the excavator, but for the arm, and boom only, thus representing the kinematic model in two degrees of freedom only. He also established the inverse kinematic model for the two degrees of freedom only. But the shortcomings of his model are: he did not determine any systematic procedure to assign the frames to the links, both the forward and inverse kinematic models presented by him were incomplete in terms of the relationship between the bucket position and orientation (collectively known as bucket configuration), and joint angles, and the relationship between the actuator lengths and joint angles of the excavator. So to be concluded, from these four kinematic models, the kinematic model of Koivo (1994) gives a complete kinematic relationship for the geometry of a hydraulic excavator assuming in three degrees of freedom. But a complete kinematic relationship for the geometry of the backhoe for four degrees of freedom has not been presented so far, and this is one of the areas of research reported in this paper. Figure 1 describes the schematic side view of the backhoe excavator. To develop kinematic relations for the geometry of the backhoe; firstly the coordinate frames will be assigned to the backhoe excavator links.
RELATED WORK

AFFIXING FRAMES TO THE LINKS
To analyse the motion of the backhoe excavator in Figure 1 for performing a specific task, it becomes necessary to define a world coordinate system to describe the position and orientation of the bucket (collectively known as configuration of the bucket). A right-hand Cartesian coordinate system X w Y w Z w is chosen, and its origin is placed at an arbitrary point on the ground level in the workspace of the backhoe excavator. After assigning the world coordinate frame the local coordinate frames for all links are assigned by following the DH guideline for link frame assignment algorithm given in (Mittal and Nagrath, 2003) . Figure 1 shows the schematic view of a backhoe excavator and frame assignments.
After assignment to the all coordinate frames is done, any point P in the i th coordinate frame can be written as 
DIRECT KINEMATICS OF BACKHOE EXCAVATOR
For the controlling and the automatic operation of a backhoe, it is desirable to place the bucket to a specified location. This can be achieved by selecting the proper lengths of the piston rods in the cylinder, and thus selecting the joint angles properly. The kinematic equations are the mathematical equations those relate the position and orientation of the bucket (bucket configuration) to the joint variables (joint angles in our case) or to the lengths of the piston rods in the hydraulic actuators. If the lengths of the piston rods in the actuators or the joint angles are given, the bucket configuration can be determined by the direct or forward kinematic equations. Whereas; if the bucket configuration is specified, then the corresponding joint angles or the lengths of the piston rods in actuators can be calculated from the inverse kinematic equations, but it is covered in the part-II of this paper (Bhaveshkumar and Prajapati, 2012) . Here, firstly the direct kinematic equations are presented.
To establish the homogeneous transformation matrix i-1 T i , which describes the position and orientation of frame {i} relative to frame {i -1}, and completely specifies geometric relationship between these links in terms of four D-H parameters
T i can be given as follow:
where
Here a i , and  i are two link parameters, and d i , and  i are two joint parameters. Out of these four parameters, only one is a variable for link i, the joint displacement variable q i ( i ) and other three are constant. These all parameters are defined in the Denavit-Hartenberg guidelines and notation given in (Mittal and Nagrath, 2003) .
Transformation Matrix of Bucket Frame
The bucket configuration relative to the base frame can be found by considering the 4 consecutive link transformation matrices relating frames fixed to adjacent links. Thus,
.... (2) So to determine the homogeneous transformation matrix that relates the link 0 to link 4 ( 0 T 4 ), firstly other four transformation matrices as given in Equation (2) must be determined. To determine i-1 T i we need to determine the three parameters,  i ,  i , and a i (as given in Table 1 ). The values of a i ,  i , and  i are found out for our case based on guide line given in (Mittal and Nagrath, 2003) . As for an example link twist  1 determines the angle between Z 0 -and Z 1 -axes measured about the X 1 -axis in the right hand side = +90. Similarly, the values of other link twist angles are determined. The joint distance di for i = 1, 2, 3, 4 is zero, because all joints are revolute joints. The link lengths a 1 , a 2 , a 3 , a 4 are the lengths of swing link, boom, arm, and bucket respectively, and taken as it is to keep the calculation procedure more simplified, and later on the values of a i for i = 1, 2, 3, 4 can be substituted from the dimensions of the backhoe. The substitution of the parameter values of Table 1 into Equation (1) gives the following homogeneous transformation matrices: ... (6) Now the location of the bucket from the Figure 1 can be specified by locating the rotational axis of the bucket motion, i.e., to determine the coordinates of point O 3 = A 3 . The coordinates of the point O 3 with respect to base frame 0, i.e., 0 P A3 can be given as: (3), (4) and (5) 0 T 3 can be written as follow: (8) where, C 23 = cos( 2 +  3 ), and S 23 = sin( 2 +  3 ). By neglecting the fourth raw and the fourth column of the Equation (8) into Equation (7), one yields;
Here superscript T refers to the transposition of the raw matrix, i.e., a position vector. If the values of the joint variables,  1 ,  2 ,  3 are known then the location of the point O 3 = A 3 in the base coordinate system can be determined by Equation (9). Similarly the coordinates of point A 4 with respect to the base frame {0} can be found out as T 4 and can be given as follows: 0   234  4  23  3  2  2  234  234   234  4  23  3  2  2  1  1  1  234  1  234  1   234  4  23  3  2  2  1  1  1  234  1  234  1 
Relation Between Length of the Piston Rods in Actuators and Joint Angles
The backhoe excavator is a construction machine that uses hydraulic actuators to carry out the digging operation. In the hydraulic cylinder, the pressure on the piston is controlled. So ultimately the lengths of the piston rods determine the joint angles of the respective links. This means that there is a direct relation between the piston rod length and the joint angles, and the lengths of the piston rods are determined here by the line segment joining two actuator's attachment points, e.g., from Figure 1 it can be seen that the length of the actuator 3 is A 5 A 6 .
Firstly the relation between actuator 1, actuator 2 and joint angle  1 will be determined. Figure 2 . This means that to find the length of the actuators 1, and 2 one may find the ST, and UV and then the remaining distance of the hydraulic cylinders should be added to the values of ST, and UV respectively (see Equation (12) gives the length of the piston rod of the hydraulic actuator 1 in terms of joint angle  1 . This means that if the joint angle  1 is known then the length of the piston rod of actuator 1, ST can be found out from Equation (12). On the other hand, if the length of the piston rod of actuator 1, ST is known then the joint 1 angle  1 can be determined as follows: 
Equation (15) gives the length of the piston rod of hydraulic actuator 2 in terms of joint angle  1 . This means that if the joint angle  1 is known then the length of the piston rod of actuator 2, UV can be found out from Equation (15). On the other hand, if the length of the piston rod of actuator 2, UV is known then the joint 1 angle  1 can be determined as follows: is known, then the trigonometric equation of (17) can be solved for joint 2 angle  2 by using the standard method, and it can be express as follows. … (21) where, the lengths A 9 A 12 , and A 10 A 12 are constant, also  1 = the major A 9 A 12 A 3 is constant and known to us.  1 = the A 3 A 12 A 10 as shown in Figure 1 , but the  1 is not constant. Here, we want to determine the length of the piston rod of actuator 5 = A 9 A 10 in terms of the joint angle  4 . Firstly, let us find  1 in terms of the length of the piston rod of actuator 5 = A 9 A 10 , and that is given by, Now, let us find  1 in terms of  4 . From the Figure 1 it can be seen that,
Now, let's concentrate on the quadrilateral A 10 A 12 A 3 A 11 . We already found the value of the A 10 A 12 A 3 =  1 in Equation (23). Let's assume the A 10 A 11 A 3 =  2 , the A 12 A 10 A 11 =  3 , the A 12 A 3 A 11 =  4 and A 2 A 3 A 4 = ( 4 -). From the Figure 1 it can be seen that,
Thus the Equation (18) gives the value of joint 2 angle  2 if the length of the piston rod of actuator 3 = A 5 A 6 is known. Actuator 4 connects the boom link to the arm link, known as arm cylinder, and it controls the motion of the arm, at joint 3. The length of the piston rod of actuator 4 = A 7 A 8 moves the joint 3 angle  3 . From the Figure 1 it can be seen that the A 1 A 2 A 7 =  1 , and A 8 A 2 A 3 =  2 are constant for the geometry of boom and arm respectively, and thus are known to us, also it follows that
Then for the A 8 A 2 A 7 , if the cosine rule for A 8 A 2 A 7 is applied, one yields;
Equation (19) gives the length of the piston rod of actuator 4, if the joint 3 angle  3 is known. The reverse is also possible that if the length of the piston rod of actuator 4 = A 7 A 8 is known, then the joint 3 angle  3 can be found out by solving the Equation (19) in terms of tan function instead of sine or cosine functions for  3 , as follows: Here, the A 12 A 3 A 2 =  1 and A 4 A 3 A 11 =  2 are constant, and thus known for us. This leads to,
Also for the quadrilateral A 10 A 12 A 3 A 11 ,
This gives,
If the angle  1 is to be found out in terms of the joint 4 angle  4 , then the values of the angles  2 , and  3 must be known in Equation (26a). For this we will assume that the angle  3 is known to us with the help of encoder. So still the angle  2 is to be determined in terms of the angle  1 . For this to be done, let's divide the quadrilateral A 10 A 12 A 3 A 11 into two triangles as A 10 A 12 A 3 and A 10 A 11 A 3 . By applying cosine rule for both the triangles, it gives, Equation (27) gives the value of  2 in terms of  1 , or vice versa. So from the Equation (29a) it can be written as,
Thus, the Equations (13), (16), (18), (20), (22) and (26b) shows the relation between the length of the actuators and joint angles  1 ,  2 ,  3 and  4 . This means that if the joint variable values  1 ,  2 ,  3 ,  4 are substituted in Equations (9) and (10), the position and orientation of the point A 4 or O 4 can be find with respect to the base frame {0}. These equations show the direct kinematics of the backhoe excavator. obtained using the developed MATLAB code.
RESULTS AND DISCUSSION
The input values of the parameters are taken as per Table 2 for our case. The data given in the Table 2 captured from Figure 3 for validation of direct kinematic mathematical modeling of backhoe excavator based on maximum breakout force configuration as shown in Figure 3 . The piston rod lengths of the actuators can be obtained from sensors during actual excavation operation but here for validation of work the piston rod lengths considered for maximum breakout force condition. If the lengths of the piston rods in hydraulic actuators and the A 12 A 10 A 11 =  3 can be determined by the sensors, and the backhoe geometrical constants are known then the position of the bucket hinge point (A 3 ) and point (A 4 ) can be determined by the MATLAB code developed. The values of the parameters used in the MATLAB code are given in Table 2 .
While using the values as listed in Table 2 While using the same values as listed in Table 2 It can be seen that the difference between the joint 1 angle  1 is zero, and thus the mathematical model gives accurate controlling of the swing link from actuators 1 and 2, difference between the joint 2 angle  2 is also zero (0°), and thus while rotating the boom from the boom cylinder (actuator 3), the mathematical model holds accurate controlling of the boom. The difference between the joint 3 angle  3 is also very small (0.002°), and thus while rotating the arm from the arm-cylinder (actuator 4), the mathematical model holds accurate controlling of the arm as well, and the difference between the joint 4 angle  4 is also very small (0.029°), and thus the mathematical model holds accurate controlling of the bucket as well.
It can be seen that the bigger is the angle, the bigger is the difference. This may be due to the accuracy of the CAD software as well as of the Math tool, but these differences are very small and near to zero, so the results are identical and thus acceptable.
Results also suggest the differences in the coordinates of points T respectively. These show that the difference in the x direction for point A 3 is 0.05 mm and for point A 4 is 0.82 mm, the difference in the y direction for both the points is zero and the difference in the z direction for point A 3 is 0.04 mm and for point A 4 is 1.11 mm. The difference in the z direction is also small but comparatively higher than other coordinate points because the origin of the frame {0} can be chosen to be anywhere on the Z 0 axis, and as the position of the origin changes vertically on the Z 0 axis the z coordinates also change.
Results of the direct kinematic mathematical model suggest that the proposed direct kinematic model is validate to be used to determine the coordinates of the bucket hinge point A 3 , and the tool point A 4 for an autonomous operation of the backhoe excavator.
Above discussion shows the validation of direct kinematic model for maximum breakout force configuration. The direct kinematic model of backhoe excavator also validated using the MATLAB code and simulation results obtained from the modeling software of Autodesk Inventor 2011. All the readings taken for the position of backhoe assembly at which the link axes are aligned to each other for the purpose of validation of the direct kinematic model. Figure 4 shows the results of coordinates of bucket tip due to variation of angle  2 (red curve),  3 (pink curve), and  4 (blue curve) respectively obtained from MATLAB code. Figure 5 shows the results of coordinates of bucket tip due to variation of angle  2 (61.64°t o -56° = 117.64°) obtained from simulation at which the angles  3 and  4 are taken as zero means axis of arm and bucket are aligned to axis of boom. Figure 6 shows the results of coordinates of bucket tip due to variation of angle  3 (0° to -120.45° = 120.45°) obtained from simulation at which the angles  2 is considered at an angle of 61.64° and  4 is taken as zero means axis of bucket is aligned to axis of arm. Table 4 shows the comparison of bucket tip coordinates obtained from MATLAB code and simulation, due to variation in angle  3 . Figure 7 shows the results of coordinates of bucket tip due to variation of angle  4 (-145.41° to 30.04° = 175.45°) obtained from simulation at which the angles  2 is considered at an angle of 61.64° and  3 is taken as zero means axis of arm is aligned to axis of boom. Table 5 shows the comparison of bucket tip coordinates obtained from MATLAB code and simulation, due to variation in angle  4 . The comparison of results of MATLAB code and simulation presented in Table 3 indicate that the % variation in average value of coordinate X of bucket tip point 0 P A4 is 0.0108%, and % variation in average value of coordinate Y of bucket tip point 0 P A4 is 0.0341% due to % variation in average value of angle  2 is 0.006732%. These results indicate that the variations in results are very less and the direct kinematic model is validated for angle  2 . Table 4 shows the comparison of results of MATLAB code and simulation which present that the % variation in average value of coordinate X of bucket tip point 0 P A4 is 0.01322%, and % variation in average value of coordinate Y of bucket tip point 0 P A4 is 0.02631% due to % variation in average value of angle  3 is 0.00166%. These results indicate that the variations in results are very less and the direct kinematic model is validated for angle  3 . Table 5 shows the comparison of results of MATLAB code and simulation which present that the % variation in average value of coordinate X of bucket tip point 0 P A4 is 0.113%, and % variation in average value of coordinate Y of bucket tip point 0 P A4 is 0.113% due to % variation in average value of angle  4 is 0.04845%. These results indicate that the variations in results are very less and the direct kinematic model is validated for angle  4 .
CONCLUDING REMARKS
This paper presents the complete fundamental foundation for the kinematics of the backhoe excavators. Here, theoretical relations are developed for the direct kinematics of the hydraulic backhoe excavator, which have not previously been presented in the literature for 4-DOF. The developed relations can be utilized for autonomous digging operation. Here presented relations are developed with considering the links and joints are rigid. During the digging operation interactive forces 
